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ABSTRACT
Verlinde (2016) has proposed a new modified theory of gravity, Emergent Gravity (EG), as an alterna-
tive to dark matter. EG reproduces the Tully-Fisher relationship with no free parameters, and agrees
with the velocity curves of most massive, spiral galaxies well. In its current form, the theory only
applies to isolated, spherically symmetric systems in a dark energy-dominated Universe, and thus can
only be tested fairly with such systems. Here I develop equations for EG’s velocity curve predictions
given a realistic, extended mass distribution. I apply this to isolated dwarf galaxies. Then I test the
predictions from EG versus the maximum velocity measurements of 81 isolated dwarf galaxies with
projected shapes close to circular. I find that EG severely underpredicts the maximum velocities for
those galaxies with measured velocities v > 165 km/s. Most of these galaxies have greater HI gas
masses than stellar masses, and it is seems that EG is unable to describe these systems well. Rotation
curves of these isolated, HI gas-rich, nearly spherical dwarf galaxies would provide the definitive test
of EG.
1. INTRODUCTION
Since Zwicky’s paper on “dunkel matter” in the 1930s
(Zwicky 1933), there has been growing evidence for new
physics. Rotation curves of galaxies (Rubin et al. 1980),
the Cosmic Microwave Background (Planck Collabora-
tion et al. 2016), and Baryonic Acoustic Oscillations
(Eisenstein et al. 2005) have solidified the need for some-
thing beyond the Standard Model or General Relativity
(GR). Is this new physics a dark matter particle or a
modification of GR? Verlinde (2016) gives one possible
solution to this question.
In Emergent Gravity (EG) theory (Verlinde 2016),
gravity emerges from the entanglement of spacetime. Ac-
cording to this theory, dark energy has some entangle-
ment entropy associated with it. Baryonic matter dis-
places dark energy, and, due to the volume law contribu-
tion to entropy, this causes an elastic response force on
the matter. This manifests itself as an extra gravitational
force around massive objects. Verlinde (2016) uses this
elastic response force ansatz to produce an equation for
the “apparent dark matter” given some baryonic mass
distribution.
In the limit of a point-source mass, the equation for the
apparent DM in EG converges to the weak limit equa-
tion from Modified Newtonian Gravity (MOND) (Mil-
grom 1983). Thus, Verlinde (2016) manages to derive
the Tully-Fischer relation within his theory using no free
parameters, and directly connects the MOND accelera-
tion, a0, to the energy density in dark energy.
However, EG in its current formulation only applies
to the current, deSitter-like Universe. In addition, the
equations given in Verlinde (2016) are only valid for
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spherically symmetric, isolated systems. Nonetheless,
there have been several tests of this theory. Brouwer
et al. (2016) studied the weak lensing of galaxy clus-
ters, and found it to be consistent with EG. Ettori et
al. (2016) found EG to agree with two large, roughly
spherical galaxy clusters, and Diez-Tejedor et al. (2016)
also found agreement with the mass-to-light ratios of the
classical dwarf spheroidal satellite galaxies. Several stud-
ies claim that EG is inconsistent with observations: the
initial mass functions of massive early-type galaxies (Tor-
tora et al. 2017), the radial acceleration within the inner
regions of spiral galaxies Lelli et al. (2017), and the per-
ihelia of Solar system planets Hees et al. (2017). How-
ever, all of these tests attempt to apply EG outside of
the currently narrow regime where it makes robust pre-
dictions: spherically symmetric, isolated systems in the
nearby Universe.
In this paper, I consider EG’s predictions for the veloc-
ities within isolated, spherical dwarf galaxies and com-
pare these to observations. These systems fulfill all of
the requirements of the current formulation of EG, and
thus provide the strongest constraints on EG. I derive
the equations for a specific extended mass distribution,
a deprojected Se´rsic profile, and the corresponding “ap-
parent” dark matter predicted from EG in Section 2.
In Section 3, I describe how I apply these equations to
isolated, spherical dwarf galaxies, and the data that I
employ. I compare EG’s predictions for the velocities
around isolated dwarf galaxies to those measured in a
recent 21 cm study (Bradford et al. 2015) in Section 4. I
discuss these results and conclude in Section 5.
ar
X
iv
:1
70
6.
00
78
5v
1 
 [a
str
o-
ph
.C
O]
  2
 Ju
n 2
01
7
22. APPARENT DM DISTRIBUTION PREDICTIONS
FROM EG FOR A REALISTIC BARYONIC MASS
DISTRIBUTION
My goal is to describe the velocity curve of an extended
mass distribution in EG. Conservation of energy tells us
that the circular velocity, v(r), is given by
v(r) = ±
√
G(MD(r) +MB(r))
r
(1)
where r is the radius from the center of the mass dis-
tribution and MB(r) is the baryonic mass as a function
of radius. For standard GR, MD(r) is the dark matter
distribution. In EG, MD(r) is the effective mass, or ap-
parent DM distribution. Here I derive the apparent dark
matter distribution predicted by EG due to a realistic
baryonic mass distribution within an isolated, spherical
distribution.
For a spherically symmetric, isolated system, the ap-
parent DM predicted by EG (Verlinde 2016) is∫ r
0
GM2D(r
′)
r′2
dr′ =
a0r
6
MB(r) , (2)
where G is the normal gravitational constant, and a0 =
cH0. By taking the derivative of both sides with respect
to r, we find an equation for MD(r),
M2D(r) =
a0r
2
6G
d
dr
(
rMB(r)
)
. (3)
Note that if we allow MB to be a point-mass, then
MD(r) =
a0r
2
6G MB , which would give a gravitational ac-
celeration of
gD(r) =
GMD(r)
r2
=
√
a0
6
gB(r) . (4)
This is just the MOND acceleration in the weak-field
limit (Milgrom 1983) with aM =
a0
6 . I only include this
as an aside – dwarf galaxies are of course not describable
as point-masses.
Instead, let us consider an extended mass distribution.
In particular, I will employ a deprojected Se´rsic profile.
These profiles fit the stellar light of galaxies well, and
since I am assuming there is no dark matter, this should
also be a good measure of the mass.
The Se´rsic profile of a galaxy is given by
I(R) = Ie exp
[
1− bn
(
R
Re
)1/n]
, (5)
where Ie and Re are the intensity and projected radius
at the half-light slice, respectively, and n is the so-called
Se´rsic index, which is a measure of the concentration of
the light about the center. The constant bn is given such
that
Γ(2n) = 2γ(2n, bn) , (6)
where Γ(a) is the complete gamma function and γ(a, x)
is the lower incomplete gamma function.
To give the mass profile, we must first deproject the
Se´rsic profile to give the luminosity density. Assuming
spherical symmetry, we can then integrate in the angular
directions to give the radial luminosity profile. Mazure
& Capelato (2002) first found the exact solution for the
radial luminosity profile given a general Se´rsic profile,
and I use their results here.
Since I am assuming that there is no dark matter, I
just say that the mass follows the light. Then, the stel-
lar mass profile should be the same as the luminosity
profile except for some scaling factor, the baryonic mass-
to-light ratio, Υ. This ratio, along with the effective
intensity simply give the normalization of the function,
and thus I let Σ = IeΥ, where my process for setting this
normalization constant is given in Section 3.2. The final
equation for the mass profile is
M(r) =2pic1ΣR
2
e
(
r
Re
) 2n+1
n
×G2n,11,2n+1
(
c2
(
r
Re
)2 ∣∣∣∣∣ {−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
,
(7)
where Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
is the Meijer G function
(described in Appendix A.2), and the constants c1, c2,
and βs are given by
c1≡ bn exp(bn)
(2pi)n
√
n
(8)
c2≡
(
bn
2n
)2n
(9)
βs≡
{(
j − 1
2n
)
1≤j≤n
;
(
j − 2
2n
)
n+1≤j≤2n
}
. (10)
Then, the apparent DM predicted by EG due to this
realistic mass distribution is given exactly by
M2D(r) =
pia0c1ΣR
2
e
3G
(
r
Re
) 2n+1
n
r2
×
[
G2n,11,2n+1
(
c2
(
r
Re
)2 ∣∣∣∣∣ {−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
+ 2G2n,00,2n
(
c2
(
r
Re
)2 ∣∣∣∣∣ {} {}{βs} {}
)]
.
(11)
For a detailed description of my methods, see Appendix
A.
3. MODELING ISOLATED DWARF GALAXY
ROTATION CURVES WITH EG
In this section, I apply my equations from Section 2
to real isolated dwarf galaxies. First, I describe the ex-
act equations I employ, and then I discuss the data. I
choose galaxies with projected shapes close to circular,
and assume that they are nearly spherical.
33.1. Theory
Isolated dwarf galaxies contain a significant amount of
HI gas that often exceeds the amount of stellar mass in
the galaxy (Geha et al. 2006). This HI gas in dwarf galax-
ies typically extends far beyond the stellar disk (Broeils
& Rhee 1997). Thus, I must include the mass profiles of
both the stellar mass and the HI gas mass to properly
model the baryonic content of these galaxies.
I model the starlight profile as a Se´rsic profile with
index, n. I model the HI mass profile as an exponential
disk – a Se´rsic profile with n = 1. This gives
M?(r) =2pic1Σ?R
2
?
(
r
R?
) 2n+1
n
×G2n,11,2n+1
(
c2
(
r
R?
)2 ∣∣∣∣∣ {−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
MHI(r) =2pic1ΣHIR
2
HI
(
r
RHI
)3
×G2,11,3
(
c2
(
r
RHI
)2 ∣∣∣∣∣ {−
(
1
2
)}, {}
{0, 0}, {− ( 32)}
)
M2D,?(r) =
pia0c1Σ?R
2
?
3G
(
r
R?
) 2n+1
n
r2
×
[
G2n,11,2n+1
(
c2
(
r
R?
)2 ∣∣∣∣∣ {−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
+ 2G2n,00,2n
(
c2
(
r
R?
)2 ∣∣∣∣∣ {} {}{βs} {}
)]
M2D,HI(r) =
pia0c1ΣHIR
2
HI
3G
(
r
RHI
)3
r2
×
[
G2,11,3
(
c2
(
r
RHI
)2 ∣∣∣∣∣ {−
(
1
2
)}, {}
{0, 0}, {− ( 32)}
)
+ 2G2,00,2
(
c2
(
r
RHI
)2 ∣∣∣∣∣ {} {}{0, 0} {}
)]
.
(12)
where R? is the stellar effective radius, RHI is the HI
scale length, Σ? is the normalization constant for the
stellar content, and ΣHI is the normalization for the HI
gas content.
3.2. Data
My sample is based on the Bradford et al. (2015) sam-
ple of isolated dwarf galaxies in SDSS DR 8. They choose
all galaxies within the NASA Sloan Atlas1 (NSA) cat-
alog (Blanton et al. 2011) that have z > 0.002 and
Mr < 17.72. They then select according to an isola-
tion criteria: for stellar mass M? < 10
9.5M, a galaxy is
isolated if dhost > 1.5 Mpc. For each of these galaxies,
Bradford et al. (2015) measure the 21 cm peak flux and
line width. The HI gas masses are calculated from the
peak fluxes, and the inferred maximum circular velocity
1 http://www.nsatlas.org
in each galaxy is taken to be the inclination-corrected
velocity width of the 21 cm line at 20% peak flux.
Here, I begin with the full Bradford et al. (2015) sample
of 546 isolated dwarf galaxies (M? < 10
9.5 M). From
this sample, I use the NSA catalog to select all galax-
ies with an apparent axis ratio, b/a, greater than 0.75,
which is comparable to the axis ratio of the classical
dwarf spheroidal galaxy Fornax. This ensures roughly
spherical galaxies, which is necessary for the current for-
mulation of EG. My final sample consists of 81 isolated,
nearly spherical dwarf galaxies. The median apparent
axis ratio for my sample is b/a = 0.85.
For each of the galaxies in my sample, I use the NSA
catalog Se´rsic fit values for n, R?, and M?, and I use
the Bradford et al. (2015) values for the HI mass and
the measured maximum circular velocities. The median
masses are M? = 9.39 × 108 M and MHI = 1.57 ×
109 M, the median Se´rsic index is n = 1.20, and median
stellar effective radius is R? = 2.56 kpc. The median
maximum circular velocity is vmax = 118 km/s.
I do not have direct observations of the normalization
constants, Σ? and ΣHI, and the effective radius of the HI
gas, RHI. Instead I must infer them from other quanti-
ties. I set each normalization constant by assuming that
half of the respective measured mass is contained within
the effective radius. In other words, I use M?(r = R?) =
M?,meas/2 and MHI(r = RHI) = MHI,meas/2, where the
left hand sides are given by my Equations 7 & 12 and
the right hand sides are given by the measured values.
To set the effective radius of the HI gas, I employ the
results from a study of the HI content of spiral and ir-
regular galaxies which found that log10MHI is linearly
correlated with the effective radius of the HI gas disk
(Broeils & Rhee 1997). I re-fit the data from this paper
(see Appendix B) and find 2
log10 2RHI = (0.48± 0.02) log10MHI − (3.25± 0.16) ,
(13)
where MHI is given in solar masses, and RHI is given in
kpc. I then find a probability distribution for RHI given
MHI and the error on this mass (again, see Appendix B
for more on this procedure). The values for RHI are given
by the expected values of each probability distribution,
and the errors are given by the standard deviations.
4. RESULTS
Here I present the velocity curves predicted by EG, as
well as a comparison of the predicted maximum circular
velocities from EG to those measured in Bradford et al.
(2015).
First, I will look at the velocity curve for a sample
dwarf galaxy with the median values from the data de-
scribed in Section 3.2. I solve for the stellar contribution
using the median values from my data of R? = 2.56 kpc
2 Note that equation in Broeils & Rhee (1997) actually gives
the HI mass in terms of the diameter of the optical disk, Db,i25 .
However, they note that the radius of the optical disk is almost
exactly correlated with the effective radius of the HI disk. Thus, I
simply replace Db,i25 with 2RHI here.
4and n = 1.20. As described in the previous section, I
calculate the normalization, Σ?, by solving Equation 5
at the effective radius assuming that the mass contained
within the effective radius is half of the median mea-
sured stellar mass M? = 9.39 × 108 M. This gives
Σ? = 0.011 M cm−2.
Now, I solve for the constants describing the gas mass
contribution. The median gas mass is MHI = 1.573 ×
109 M. I find a median gas effective radius of RHI =
7.24 kpc by using the procedure outlined in the previous
section. As in the stellar case, I assume that half of the
gas mass is concentrated within the effective radius, and
then solve Equation 12 for the normalization, which gives
ΣHI = 1.5× 10−3 M cm−2.
The predicted velocity curve from EG is given as the
blue, solid curve in Figure 1. For comparison, I also in-
clude the prediction from Newtonian gravity (assuming
only baryonic matter), which is given by the grey line.
The median measured maximum velocity from Bradford
et al. (2015) is given by the red, dashed line, as a refer-
ence. Note that the maximum occurs at r ∼ 20 pc. This
is many times the effective radius of the stellar content.
However, it is ∼ 1.7RHI. Thus, it is clear that the HI
gas is the main driver behind the shape of the velocity
curve, which agrees with the large gas fractions that are
observed in these galaxies.
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Figure 1. Circular Velocity as a Function of Radius for
an Isolated, Spherical Dwarf Galaxy. The blue line gives
the prediction from EG (see Equations 7, 11 & 12). The
red, dashed line gives the median measured maximum
velocity from Bradford et al. (2015). I include the New-
tonian prediction (i.e. assuming there is only baryonic
mass and Newtonian gravity) as the grey curve.
In Figure 2, I plot the estimated maximum circular
velocity from EG versus the measured maximum circular
velocities from Bradford et al. (2015). If the theory and
observations were perfect, then all of the points would
lie on the line y = x (black line). While this seems
to be a reasonable fit for those galaxies with measured
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Figure 2. Predicted Maximum Circular Velocity from
EG versus Measured Maximum Circular Velocities for
Isolated, Spherical Dwarf Galaxies. The black line gives
the case if there was a perfect agreement with the mea-
surements. The red line gives the best fit to the data.
velocities . 150 km/s, this is not the case for those above
this velocity. The measured velocities reach ∼ 280 km/s,
but none of the predicted velocities are greater than 165
km/s.
I fit a best fit line to the data using a Markov chain
Monte Carlo (MCMC) routine. The best fit slope is m =
0.69+0.11−0.11 and the best fit intercept is b = 14.75
+9.49
−9.48.
The posteriors for these parameters are shown in Fig.
3, where the red lines give the values for the “perfect
prediction” case (i.e. m = 1, b = 0). Note that this
lies well outside of the 3σ contours of the 2D posterior
distribution. It is clear that the predicted velocities do
not provide a good description of the measured velocities.
The deviation from this “perfect prediction” line is
even more striking for binned data. Figure 4 gives the
inverse-variance averaged estimated maximum circular
velocity from EG versus the measured maximum circular
velocities from Bradford et al. (2015) in five bins. Each
bin has approximately the same number of galaxies. As
can be seen, the last bin, v > 165 km/s, deviates sharply
from the y = x line. Table 1 gives more information on
the galaxies in this bin.
It should be noted that the no correlation case (i.e.
m = 0) is also strongly disfavored by the data. However,
considering that the equations for the predicted velocities
do include terms that relate to the directly measured
baryonic masses, it is not surprising that there is some
degree of correlation here.
5. DISCUSSION & CONCLUSIONS
In this paper, I develop equations for EG’s velocity
curve predictions based on a realistic baryonic mass pro-
file. I then extend this to isolated, spherical dwarf galax-
ies. These galaxies contain large amounts of HI gas,
which must be treated separately from the stellar mass.
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Figure 3. Posterior Distributions for the Best Fit Pa-
rameters to the Velocity Data. m is the slope of the line,
and b is the intercept. The black dashed lines give the
16, 50, and 84 percentile locations, and the red lines give
the expected values if the theory agreed perfectly well
with the data (i.e. a line with slope of 1 and intercept of
0). Note that this combination of expected values is well
outside the 3σ contours of the posterior distribution.
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Figure 4. Inverse-variance Averaged Estimated Maxi-
mum Circular Velocity from EG Versus Measured Maxi-
mum Circular Velocities from Bradford et al. (2015). The
black points give the original velocities from Bradford et
al. (2015), and the blue points give the turbulence cor-
rected velocities. The black line gives the case if there
was a perfect agreement with the measurements. Note
that the last bin in both cases deviates significantly from
this line.
Finally, I compare these predictions of EG versus the
HI 21-cm line width measurements from Bradford et al.
(2015) for 81 isolated, nearly spherical dwarf galaxies.
As I show in the results section, the predicted velocities
from EG do not agree with the measured velocities, es-
pecially in the highest velocity bin. Interestingly, almost
all of the systems in this highest velocity bin have much
higher HI gas masses than stellar masses. Although it
is not the case that all systems with high HI gas mass
fractions deviate significantly from the EG predictions.
There are four possible explanations for this discrep-
ancy between theory and data: (1) the 20% line width
measurements of the HI gas do not give the true maxi-
mum circular velocity; (2) the errors for either the mea-
surements or the theory are too small; (3) I have not cor-
rectly modeled the baryonic matter distribution in these
galaxies; (4) EG does not properly explain the rotation
curves of these galaxies. Below, I will discuss each of
these in turn.
(1) 20% HI line widths
It is possible that the 20% HI line widths are not a good
measure of the actual maximum circular velocity. Brad-
ford et al. (2016) give a nice commentary on this issue.
Although some prefer to use the 50% line widths instead,
Bradford et al. (2016) argue that the 20% line widths
are more resistant to noise features and tend to decrease
the residuals in the low-mass end of the Baryonic Tully-
Fisher Relationship. Using the 50% line widths would
lower the measured velocities by ∼ 10− 20 km/s.
However, an even larger effect comes from applying
turbulence corrections. I can analyze this effect by us-
ing Equation 6 from Trachternach et al. (2009) as my
turbulence correction. This tends to lower the measured
velocities by ∼ 22 km/s. The blue points in Figure 4 give
the results for this turbulence-corrected data. It is clear
that the predicted velocities for the last bin are still too
low.
(2) Errors
It could also be the case that I am under-predicting
the error in the data and the predictions. I applied an
MCMC routine to solve for the error in either the pre-
dicted or measured velocities that would minimize χ2. I
found that a median value of σv = 38 km/s would need to
be added to the measured velocities, and σv = 26 km/s
would need to be added to the predicted velocities to
minimize χ2. However, even when I account for these
extra errors on both of these quantities, I still obtain a
significant deviation from the measured velocities in my
last bin.
(3) Modeling of the Baryonic Distribution
There are many assumptions made when modeling the
baryonic gas mass, and it is entirely possible that any of
these could be incorrect. Perhaps the most error-prone
methods are the use of an exponential distribution for
the HI gas and my particular normalization routine for
each of the profiles.
To model the HI gas profile, I assume that the surface
brightness profile is well approximated by an exponen-
6tial profile. Considering that the median Se´rsic index for
these galaxies is n = 1.20 and I do not expect the gas to
be concentrated significantly differently from the stars,
using an exponential profile seems reasonable. This could
be incorrect, however. In order to decrease the maximum
velocities, I would need to decrease the Se´rsic index used
(i.e. decrease the concentration of the light at the cen-
ter). However, this produces a negligible change in the
predicted rotation curves.
As I describe in Section 3.2, I normalize the mass dis-
tribution functions by assuming that half of the mass
is contained within the effective radius. This normaliza-
tion routine for each of the profiles is somewhat arbitrary,
and it does have a large effect on the final predicted rota-
tion curves. Thus, this seems to be the most likely place
where an error has occurred. Without measured rotation
curves or integral field data, however, it is difficult to set
the normalizations in a more accurate fashion.
(4) Emergent Gravity
Finally, it is possible that EG does not properly de-
scribe these systems. It is currently still an incomplete
theory - there is no cosmology associated with it, and it
only applies in this very specific instance of an isolated,
spherical mass distribution in a deSitter-like Universe.
It seems that we can safely rule out reasons (1) and (2)
as being the predominant effect here. However, without
full rotation curves we cannot give a definitive answer
between the final two choices. Specifically, the shapes of
the rotation curves and locations of the maximums would
allow us to make this distinction.
In conclusion, I find a significant discrepancy between
the predicted maximum circular velocities from EG and
the measured maximum circular velocities around iso-
lated, nearly spherical dwarf galaxies. We need rota-
tion curves of these galaxies to identify if this discrep-
ancy is due to my normalization procedure or the inabil-
ity of EG to describe these systems. Given that EG is
only equipped to handle systems of this type, however, it
seems that these discrepancies should be taken seriously
as a possible issue with the theory. The next step is to
obtain rotation curves of these isolated, spherical dwarf
galaxies with high HI gas fractions. This would provide
the best test of EG at this time.
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7NSA ID RA (deg) DEC (deg) M? (M) MHI (M) Re (kpc) RHI (kpc) vmeas (km/s) vpred (km/s) Sersic Index (n)
30520 172.723 4.534 0.889 1.32 1.92 6.40 198.0 110.8 1.24
31135 195.775 3.992 2.907 3.862 4.74 11.14 173.0 145.3 1.63
39946 142.865 6.118 2.683 9.526 4.64 17.25 207.0 161.8 1.97
46760 128.655 4.471 0.584 1.332 0.77 6.71 198.0 103.4 1.81
49346 151.198 8.356 0.676 2.774 2.42 9.54 250.0 118.6 1.42
71202 215.872 11.045 1.395 5.082 2.59 12.74 269.0 137.1 0.89
73058 234.194 7.833 0.524 0.919 1.1 5.60 187.0 99.8 0.55
75729 190.048 15.704 0.11 0.609 0.67 4.56 181.0 79.3 1.37
78417 208.395 6.284 1.892 1.806 3.05 7.77 187.0 129.6 1.13
84669 137.112 28.118 0.871 5.585 3.38 13.21 170.0 134.3 0.95
94549 209.460 26.711 1.229 1.265 0.98 6.52 172.0 116.0 2.64
95781 218.438 26.821 2.656 7.495 0.95 15.19 289.0 153.1 2.49
107277 152.705 27.339 1.199 1.348 3.21 6.71 168.0 116.1 1.37
116294 143.800 13.121 1.368 3.52 4.11 10.71 203.0 133.6 1.13
119991 195.379 24.630 1.061 4.183 4.46 11.64 170.0 129.9 0.92
Table 1. Properties of Isolated Dwarf Galaxies with Measured Velocities Greater than 165 km/s. These are the
galaxies in the last bin of Figure 4. The Columns are: (1) the NASA Sloan Atlas (NSA) identification number; (2)
Right Ascension (RA); (3) Declination (DEC); (4) Stellar Mass, as given by the NSA catalog; (5) HI Mass, as given by
Bradford et al. (2015); (6) Effective Stellar Radius, as given by the NSA catalog; (7) Effective HI Radius, as calculated
in this work; (8) Measured maximum velocity, as given by Bradford et al. (2015); (9) Predicted Maximum Velocity,
as calculated in this work; (10) Se´rsic Index, as given by the NSA catalog.
8APPENDIX
A. FINDING THE APPARENT DM PREDICTED FROM EG WITH A DEPROJECTED SE´RSIC
PROFILE
A.1. The Se´rsic Profile
First, I repeat the equations describing the Se´rsic profile
I(R) = Ie exp
[
1− bn
(
R
Re
)1/n]
, (A1)
Γ(2n) = 2γ(2n, bn) . (A2)
Note that I(R) and R are projected quantities. They do not give the 3D, physical radius or intensity. To find the
physical luminosity (and then the physical mass), we must deproject the Se´rsic profile.
I begin by relating the intensity, I(R), to the luminosity density, n(r),
I(R) = 2
∫ ∞
0
dz n(r) , (A3)
where I assume the luminosity density is symmetric in z. Note that r is the radius in spherical coordinates and R is
the projected radius (i.e. the radius in cylindrical coordinates). Now, we can change variables using r2 = R2 + z2.
This gives
I(R) = 2
∫ ∞
R
rn(r)√
r2 −R2 dr . (A4)
I find n(r) by inverting Equation A4 using the Abel Identity (cf. Appendix B.5 of Binney & Tremaine 2008)
n(r) = − 1
pi
∫ ∞
r
dI
dR
dR√
R2 − r2 (A5)
This is unsolvable for generic I(R). However, the analytic solution to this integral for the I(R) given in Equation A1
can be expressed in terms of Meijer G functions (Mazure & Capelato 2002).
A.2. The Meijer G functions
The Meijer G functions (see http://functions.wolfram.com/HypergeometricFunctions/MeijerG/ and http:
//dlmf.nist.gov/16 for more formulae involving the Meijer G functions) are generalized hypergeometric functions
that give most of the special functions we know (i.e. trigonometric functions, Bessel functions, exponential function,
etc.) as special cases. The Standard Meijer G function is defined as
Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
=
1
2pii
∫
L
(
∏m
k=1 Γ(s+ bk))
∏n
k=1 Γ(1− ak − s)
(
∏p
k=n+1 Γ(s+ ak))
∏q
k=m+1 Γ(1− bk − s)
z−sds (A6)
A few useful identities of the Meijer G functions are [from DLMF]
Gm,np,q
(
z
∣∣∣∣∣a1, . . . , apb1, . . . , bq
)
≡ z−cGm,np,q
(
z
∣∣∣∣∣a1 + c, . . . , ap + cb1 + c, . . . , bq + c
)
(A7)
Gm,np,q
(
1
z
∣∣∣∣∣a1, . . . , apb1, . . . , bq
)
≡Gn,mq,p
(
z
∣∣∣∣∣ 1− b1, . . . , 1− bq1− a1, . . . , 1− ap
)
(A8)
Gm,np,q
(
z
∣∣∣∣∣a1, . . . , apb1, . . . , bq
)
≡Gm,n+1p+1,q+1
(
z
∣∣∣∣∣a0, a1, . . . , apb1, . . . , bq, a0
)
(A9)
The derivative of the Meijer G function leads to another Meijer G function [from Wolfram Functions]
∂Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
∂z
= Gm,n+1p+1,q+1
(
z
∣∣∣∣∣ −1, a1 − 1, . . . , an − 1, an+1 − 1, . . . , ap − 1b1 − 1, bm − 1, 0, bm+1 − 1, . . . , bq − 1
)
(A10)
9By combining Equations A10 & A7, I find the following useful formula
∂
(
z1−a1Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
))
∂z
= z−a1Gm,np,q
(
z
∣∣∣∣∣ a1 − 1, a2, . . . , apb1, . . . , bq
)
. (A11)
By differentiating the left side of Equation A11, I find
z
∂
∂z
Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
= Gm,np,q
(
z
∣∣∣∣∣ a1 − 1, a2, . . . , apb1, . . . , bq
)
+ (a1 − 1)Gm,np,q
(
z
∣∣∣∣∣ a1, . . . , apb1, . . . , bq
)
. (A12)
A.3. The Radial Mass Profile
Here I will give the radial mass profile for a generic Se´rsic profile following the treatment of Mazure & Capelato
(2002). This is easily modified to give either the stellar or HI mass profiles using the correct n, Re, and Σ.
Define the Se´rsic profile in terms of dimensionless quantities
x≡ r
Re
(A13)
s≡ r
Re
(A14)
i(x) =
I(R)
Ie
= exp[−bn(x1/n − 1)] (A15)
ν(s) =n(r)
Re
Ie
= − 1
pi
∫ ∞
s
di
dx
1√
x2 − s2 dx . (A16)
Then, the deprojected radial luminosity profile is given by
L(s) = 4pi
∫ s
0
s′2ν(s′)ds′ . (A17)
Since I am assuming that the mass follows the light, the radial mass profile is Equation A17 times the mass-to-light
ratio, Υ,
M(s) = 4piΥ
∫ s
0
s′2ν(s′)ds′ . (A18)
Mazure & Capelato (2002) find that the analytic solution to this integral for a Se´rsic profile is
M(s) = 2piΥc1s
2n+1
n G2n,11,2n+1
(
c2s
2
∣∣∣∣∣ {−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
, (A19)
where
c1≡ bn exp[bn]
(2pi)n
√
n
(A20)
c2≡
(
bn
2n
)2n
(A21)
βs≡
{(
j − 1
2n
)
1≤j≤n
;
(
j − 2
2n
)
n+1≤j≤2n
}
. (A22)
A.4. EG Predictions
To give values predicted by EG, I must find dMdr . First, I differentiate Equation A19 using Equation A12, which
gives
dM
ds
= 4piΥc1s
n+1
n G2n,00,2n
(
c2s
2
∣∣∣∣∣ {} {}{βs} {}
)
. (A23)
Now, I need to express dM/ds and M(s) in terms of r instead. This is done using the definition for s given in Equation
A13 and accounting for the extra factor of 1/Re from the change of variable in the derivative. However, I also need
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to account for how I began with a dimensionless luminosity density by multiplying both dM/ds and M(s) by IeR
2
e.
Then,
M(r) = 2pic1ΣR
2
e
(
r
Re
) 2n+1
n
G2n,11,2n+1
(
c2
(
r
Re
)2 ∣∣∣∣∣{−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
,
dM
dr
= 4pic1ΣRe
(
r
Re
)n+1
n
G2n,00,2n
(
c2
(
r
Re
)2 ∣∣∣∣∣ {} {}{βs}{}
)
,
M2D(r) =
pia0c1ΣR
2
e
3G
(
r
Re
) 2n+1
n
r2
[
G2n,11,2n+1
(
c2
( r
Re
)2 ∣∣∣∣∣{−
(
1
2n
)}, {}
{βs}, {−
(
2n+1
2n
)}
)
+ 2G2n,00,2n
(
c2
( r
Re
)2 ∣∣∣∣∣ {} {}{βs}{}
)]
,
where Σ = IeΥ.
B. ERROR ANALYSIS
For the most part, I propagate errors normally (i.e. assuming that they are independent and each of the quantities
are Gaussian). However, there is no given error for RHI.
I would like to calculate RHI given the Broeils & Rhee (1997) relation. There is no detailed explanation of how
Broeils & Rhee (1997) fit their data, and it is not clear how they calculate their error. Thus, I must re-fit the relation
and calculate the error, which I do by employing the Markov Chain Monte Carlo (MCMC) technique.
I would like the optical diameter, D, for each galaxy given the HI mass in each galaxy (remember: the optical radius
is almost exactly correlated with the effective radius of the HI gas disk). I assume that the data can be fit by a straight
line in log-space. Then, I want to find a, b such that
logD = a log10MHI + b . (B1)
Note that Broeils & Rhee (1997) give no measurement errors in their paper. Thus, I must fit for the variance of the
points as well.
Then, the log-likelihood is given by
lnL = −1
2
(
(D − Dˆ)2
V
+ ln 2piV
)
, (B2)
where Dˆ is the “true” diameter, and V is the variance.
The priors for the parameters are all flat priors over some large range. Note that I use a logarithmic prior for V ,
and thus, I fit for lnV .
I use the python package emcee3 (Foreman-Mackey et al. 2013) to find the posterior distribution, and the marginalized
probabilities for a, b, lnV . From this, I find
a= 0.48± 0.02 (B3)
b=−3.25± 0.16 (B4)
lnV =−4.62± 0.14 (B5)
Now I have p(D|Mˆ, a, b, V ) and samples in a, b, V .
I want p(D|M,σM ), which can be found by marginalizing over all of the other parameters
p(D|M,σM ) =
∫
p(D, Mˆ, a, b, V |M,σM ) dMˆda db dV (B6)
=
∫
p(D|Mˆ, a, b, V )p(Mˆ |M,σM )p(a, b, V |I) dMˆda db dV , (B7)
where I is the prior information (i.e. Broeils & Rhee 1997) and Mˆ is the “true” HI mass. The first probability,
p(D|Mˆ, a, b, V ), is given by a log10-normal probability
p(D|Mˆ, a, b, V ) = log10N (D|a log10 Mˆ + b, V ) =
log10 e
D
√
2piV
exp
[
−
(
log10(D)− (a log10 Mˆ + b)
)2
V
]
. (B8)
I assume that the second probability, p(Mˆ |M,σM ), is a Gaussian,
p(Mˆ |M,σM ) = N (Mˆ |M,σ2M ) . (B9)
3 http://dan.iel.fm/emcee/current/
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The third probability, p(a, b, V |I), is given by the MCMC chains that I ran previously.
If I combine the first two probabilities, I find
p(D|a, b, V ) =
∫
p(D|Mˆ, a, b, V )p(Mˆ |M,σM ) dMˆ , (B10)
which is done for fixed (a, b, V ). This integral can be calculated numerically. Then, to find p(D|M,σM ), I employ
Monte Carlo integration. That is, I calculate
p(D|M,σM ) ≈ 1
N
N∑
k
p(D|ak, bk, Vk) (B11)
for the MCMC chain I found previously.
However, I cannot use the entire chain: MCMC chains are autocorrelated. For only 3 parameters, this auto correlation
length is less than 10 time steps. Thus, I evaluate Equation B11 at each zth step of the chain, where z ≥ 10.
To find the pdf, I evaluate p(D|M,σM ) for an array of D values. I set this array by finding the best guess for the
actual value, Dguess, (i.e. I evaluate Equation B1 using the median values of a, b I found above) and then setting the
minimum and maximum D values to be Dguess/2 away from it.
The value of D and its error that I use for each galaxy are given by the expected value and standard deviation of
each distribution. Finally, RHI = D/2.
